Introduction
Little Higgs models offer a solution to the little hierarchy problem based on the idea that the Higgs boson is a pseudo-Goldstone boson arising from an approximately broken global symmetry associated with a strongly interacting sector. Although some models based on this idea were already proposed long ago, 1,2 they were unsuccessful as there was the need to reintroduce fine-tuning to obtain a light Higgs boson. A solution to this problem was proposed in Ref. 3 : by invoking a collective mechanism of symmetry breaking, the gauge and Yukawa couplings of the Goldstone boson are introduced in such a way that the Higgs boson mass is free of quadratic divergences at the one-loop or even at the two-loop level. Several realizations of this idea have been proposed in the literature, but the most popular is the littlest Higgs model (LHM). 4 Apart from reproducing the SM at the electroweak scale, the LHM predicts heavy partners for the SM gauge bosons and the top quark, which are necessary to cancel the quadratic divergences of the Higgs boson mass at the one-loop level. However, this model predicts large corrections to electroweak precision observables and the scale of the global symmetry breaking, f , is constrained by experimental data to be larger than about 4000 GeV. 5 One alternative to evade this strong constraint relies on the introduction of a discrete symmetry called T-parity, 6 which forbids any dangerous contributions to electroweak observables and allows for much weaker constraints on f . 7 The littlest Higgs model with T parity (LHTM) has become the source of considerable interest in the literature recently. 8, 9, 10 The LHTM is a nonlinear sigma model that has a global symmetry under the group SU (5) and a local symmetry under the subgroup [SU (2) × U (1)]
2 . There is two extra neutral gauge bosons, Z H and A H , that are the partners of the Z gauge boson and the photon, respectively. While the Z H gauge boson is associated with the extra SU (2) gauge group, the photon partner is associated with the extra U (1) gauge group. The latter particle is the lightest one of the model and is a promising dark matter candidate. It is not possible to obtain a model-independent bound on the mass of an extra neutral gauge boson from experimental measurements, but electroweak precision data 11 (EWPD) along with Tevatron 12 and LEP2 13 searches, allow one to obtain limits on its mass from about 500 GeV to 1000 GeV in models with universal flavor gauge couplings. While an extra neutral gauge boson with a mass around 1 TeV may be detected at the LHC, the future international linear collider would be able to produce it with a mass up to 2-5 TeV. 14 This would open up potential opportunities to study the phenomenology of this particle.
In the LHTM, the new gauge bosons are T-odd and the SM particles are T-even. Therefore T-parity invariance imposes severe restrictions on the decay modes of the new particles. While the heavy photon is stable, the only tree-level kinematically allowed two body-decay of the Z H gauge boson is Z H → A H H. We are interested in studying the one-loop induced decay Z H → γA H , which may have a significant branching ratio similar to that of a tree-level three-body decay. This decay is interesting as its signature at particle colliders would be very peculiar. In addition, the respective decay width could be useful to explore the mechanism of anomaly cancellation present in the model. Decays of an extra neutral gauge boson into a pair of neutral gauge bosons have already been studied in the literature, for instance in the context of a superstring-inspired E 6 model, 15 the minimal 331 model, 16 5D warped-space models, 17 and little Higgs model without T-parity. 18 The remainder of this paper is structured as follows. In Section II we present a survey of the LHTM, with particular emphasis on the gauge sector and the properties of the extra neutral gauge boson Z H . Section III is devoted to present the calculation of the one-loop decay Z H → γA H . We will also discuss the dominant decay modes of the Z H boson arising at the tree-level. Section IV is devoted to discuss the results, and the conclusions are presented in Sec. V.
The framework of the little Higgs model with T-parity
In the LHM, the largest corrections to electroweak precision observables arise from the heavy gauge bosons. 5 A global fit to experimental data yields a strong constraint on the symmetry breaking scale, f > 4 TeV, for a wide region of the space of parameters. 5 This would require reintroducing fine-tuning to have a light Higgs boson. Once T-parity is introduced into the model, 6 the tree-level contributions to electroweak observables arising from the heavy gauge bosons cancel, and the resulting constraints on the scale f are significantly weaker: there is an area in the parameter space where f is allowed to be as low as 500 GeV, 7 which depends on the Higgs boson mass value and the ratio between the masses of the T-odd and T-even top partners.
The scalar and gauge sectors
The LHM is a nonlinear sigma model with a global symmetry under the SU (5) group and a gauged subroup [SU (2) ⊗ U (1)]
2 . The Goldstone bosons are parametrized by the following Σ field
where Π is the pion matrix. The Σ field transforms under the gauge group as
an element of the gauge group. The SU (5) global symmetry is broken down to SO(5) by the sigma field VEV, Σ 0 , which is of the order of the scale of the symmetry breaking. After the global symmetry is broken, 14 Goldstone bosons arise accommodated in multiplets of the electroweak gauge group: a real singlet, a real triplet, a complex triplet and a complex doublet. The latter will be identified with the SM Higgs doublet. At this stage, the gauge symmetry is also broken to its diagonal subgroup, SU (2) × U (1). The real singlet and the real triplet are absorbed by the gauge bosons associated with the broken gauge symmetry.
The LHM effective Lagrangian is assembled by the kinetic energy Lagrangian of the Σ field, L K , the Yukawa Lagrangian, L Y , and the kinetic terms of the gauge and fermion sectors. The sigma field kinetic Lagrangian is given by 4
with the [SU (2) × U (1)] 2 covariant derivative defined by 4
The heavy SU (2) and U (1) gauge bosons are W 
with masses m
The orthogonal combinations of gauge bosons are identified with the SM gauge bosons: 4
which remain massless at this stage, their couplings being given by g = g 1 s = g 2 c and g
The gauge and Yukawa interactions that break the global SO(5) symmetry induce radiatively a Coleman-Weinberg potential, V CW , whose explicit form can be obtained after expanding the Σ field:
where λ φ 2 , λ hφh , and λ h 4 depend on the fundamental parameters of the model, whereas µ 2 , which receives logarithmic divergent contributions at one-loop level and quadratically divergent contributions at the two-loop level, is treated as a free parameter of the order of f 2 /16π 2 . The Coleman-Weinberg potential induces a mass term for the complex triplet Φ, whose components acquire masses of the order of f . 
As far as the scalar sector of the theory is concerned, due to the transformation property of the Σ field under T-parity (Σ →Σ = Σ 0 ΩΣ † ΩΣ 0 , with Ω = diag(1, 1, −1, 1, 1)) the SM Higgs doublet turns out to be T-even, while the additional SU (2) L triplet Φ is T-odd. The HΦH coupling is thus forbidden and so is a nonzero SU (2) L triplet VEV, v ′ . After diagonalizing the Higgs mass matrix, the light Higgs boson mass can be obtained at the leading order
It is required that λ h 4 > λ 2 hφh /λ φ 2 to obtain the correct electroweak symmetry breaking vacuum with m 2 H > 0. The Higgs triplet masses are degenerate at this order:
In summary, in the gauge and scalar sectors both the LHM and the LHTM have the same particle content. 6 T-parity invariance has important phenomenological consequences as there are only vertices containing an even number of T-odd particles. The heavy photon, which is the lightest new particle, is stable and thus a dark matter candidate. The Z H gauge boson can only decay into a kinematically allowed odd number of heavy photons accompanied by SM particles.
Fermion sector
In order to avoid compositeness constraints, 6 T-parity requires two SU (2) doublets, q 1 and q 2 , for each SM doublet. Under a T-parity transformation, these doublets are exchanged q 1 ↔ −q 2 . The T-even (T-odd) combination of q 1 and q 2 is the SM (T-odd) fermion doublet. The mass of each T-odd fermion doublet is generated by the interaction
where the SU (5) multiplets Ψ i are defined by
T is introduced such that it transforms nonlinearly under SU (5). It can be shown that L κ is T-parity invariant as the following transformation rules are obeyed:
It is easy to see that the components of the T-odd doublet
T have the following masses
The effects of the heavy T-odd fermions has been investigated in Ref. 9 and it was shown that they may be non-negligible at high-energy colliders. For simplicity, an universal value for κ will be assumed for all the T-odd fermions. Also, flavor nondiagonal interactions will be neglected.
In order to cancel the quadratic divergences to the Higgs boson mass arising from the SM top quark, the top sector must be additionally modified. The corresponding SU (5) multiplets are completed by introducing two SU (2) singlets U 1L and U 2L :
T . The T-parity invariant Yukawa Lagrangian for the top sector can be written as
From here we can obtain the mass eigenstates: there are a new T-odd quark T − = (U 1L + U 2R )/ √ 2 and a new T-even quark T + . The latter together with de top quark are given by:
for X = L, R and with the T-even eigenstates defined as
The masses of the new T-odd and T-even quarks are given to the lowest order by 8 :
with the top mass given by
The above Yukawa interaction also corrects the SM couplings with terms of the order of (v/f ) 2 . In summary, each SM fermion has associated a T-odd fermion with a mass given by Eq. (14) and there is a new T-even top partner T + that has its associated T-odd fermion T − . The interactions of the T-even fermions and their T-odd partners with the neutral gauge bosons are given by: 9
where 3. One-loop decay Z H → γA H Because of T-parity invariance, the Z H gauge boson can only decay into one heavy photon plus other SM particles, although the decay into three heavy photons can also be kinematically allowed. As long as the Higgs boson mass is light, the only kinematically allowed Z H tree-level two-body decay is Z H → A H H. The respective decay width can be written as
where g ZH AH H = gg ′ v/2 and y a = (m a /m ZH ) 2 . The following three-body decays are also allowed: Z H → A H W W , Z H → A H ZZ, Z H → A Hf f , and even Z H → A H HH and Z H → 3A H . To obtain the respective decay widths, we squared the decay amplitude with the aid of the FeynCalc package 19 and the integration over the threebody phase space was performed numerically via the internal Mathematica routines. We refrain from presenting the analytical results as they are too cumbersome to be included here. At the one-loop level the decay Z H → γA H proceeds through a fermion triangle and its amplitude depends on the mechanism of anomaly cancellation. We expect that the branching ratio for this decay can compete with those of the tree-level three-body decays, which are suppressed due to phase-space. The decay Z H → γA H proceeds via the Feynman diagram of Fig. 1 , which involves two fermions of opposite T-parity circulating in the loop. The decay amplitude for the Z H → γA H decay can be written as
which was arranged in this peculiar form to display electromagnetic gauge invariance. Here k µ 1 and k ν 2 are the 4-momenta of the outgoing γ and A H gauge bosons, whereas k α is the 4-momentum of the Z H gauge boson. The mass-shell and transversality conditions, along with Schouten's identity, were used to eliminate redundant terms. The explicit form of the A γAH i coefficients is shown in Appendix A in terms of Passarino-Veltman scalar functions. Once the Z H → γA H amplitude is squared and summed (averaged) over polarizations of the ingoing (outgoing) gauge bosons, the decay width can be written as
We will evaluate the Z H → γA H branching ratio for values of the parameters consistent with the constraints from EWPD.
Numerical results and discussion

Current constraints on the LHTM parameter space
Before presenting our results we would like to discuss on the current constraints on the parameter space of the LHTM from EWPD. In Ref. 7, the symmetry breaking scale f was constrained via the oblique parameters S, T and U , together with the Z →bb decay. A similar analysis was done more recently in Ref. 20 . It was found that the allowed values of the scale f depend on the Higgs boson mass and the ratio of the masses of the T-odd and T-even top partners, s λ = m T− /m T+ . The contribution to the T parameter from the each T-odd fermion doublet was found to be 7
Thus the contribution from the T-odd fermions is negligible as long as they are relatively light, but it can be significant if they are too heavy. Along these, lines, an upper bound on the T-odd fermion masses can be found from the LEP bound on four-fermion interactions: 7
This leads to a maximal contribution to the T parameter of about 0.05 for each T-odd fermion as long as its mass reaches this upper bound. 7 If such a maximal contribution is taken into account, the allowed area on the f vs m H plane shrinks considerably, although f below 1 TeV is still allowed for some values of s λ and m H . 20
As far as the direct search of T-odd quarks is concerned, the D0 Collaboration has obtained a lower bound on the T-odd quark mass from the search for final events with jets and large missing transverse energy at the Tevatron. 21 According to this bound, which depends on the mass of the heavy photon m AH , a light T-odd quark with a mass of about 100 GeV is not ruled out by Tevatron data as long as m AH ≃ 100 GeV. More recently, the search for final events with jets and large missing transverse energy at the LHC has been used by the CMS 22 and Atlas 23 Collaborations to search for supersymmetry. An analysis presented in Ref. 24 shows that the LHC data can also be used to impose a bound on the T-odd quark masses that is stronger than the one found at the Tevatron. It was concluded that m q− below 450 GeV is ruled out for m AH ≃ 100 GeV with 95 % C.L. Furthermore, the data collected at the LHC during the years 2011 and 2012 will be useful to place a bound on the T-quark mass of about 650 GeV for the m AH ≃ 300 GeV and below.citePerelstein:2011ds
We will see below that the possible detection of the Z H → γA H decay at the LHC would be very difficult for f above 1 TeV as the estimated production of pp → W H Z H events would require a branching ratio above the 0.1 level to have just a handful of Z H → γA H events. We thus must seek for regions of the parameter space where f is still allowed to be below 1 TeV. From the results presented in Ref. 20 for the allowed area on the f vs m H plane with 95 % C.L., we can conclude that there are two promising scenarios for observing the Z H → γA H decay channel at the LHC: one scenario in which the T-odd fermions are relatively light and another scenario in which they are very heavy. We will illustrate these scenarios assuming particular values for the parameters s λ and κ. The first scenario to be analyzed corresponds to s λ = 0.55 and the presence of T-odd fermions heavy enough to give a large contribution to the T parameter. This scenario would allow for values of f as low as about 600 GeV for a wide range of values of m H . Another potential scenario arises when s λ = 0.75 and the T-odd fermions are light enough to allow one to neglect their contribution to the T parameter, thereby allowing a large region of the parameter space. To accomplish these two scenarios we can choose convenient values of the parameter κ to tune the mass of the T-odd fermions. For instance, we show in Fig. 2 the contribution to the T parameter from a T-odd fermion when κ = 0.7 and κ = 1.7. We conclude that when κ = 1.7, the contribution from a T-odd fermion to the T parameter is close to the maximal value only for small f , but when κ = 0.7, the contribution from a T-odd fermion is about one order of magnitude below. In the latter case we will assume that these kind of contributions to the T parameter can be neglected. 
Scenario with heavy T-odd fermions
According to the above discussion, we will consider the following values for the LHTM parameters: m H = 120 GeV, s λ = 0.55, and κ = 1.7. In Fig. 3 we show the branching ratio for the Z H → γA H decay together with those of the relevant tree-level decays as functions of the scale of the symmetry breaking. The LoopTools package 25,26 was used to evaluate the Passarino-Veltman scalar functions required by the Z H → γA H decay width. In this scenario, the dominant decay mode is Z H → A H H, which has a branching ratio of about 100% for f ≃ 500 GeV and about 80% for f ≃ 2 TeV. Other kinematically allowed tree-level decays, such as
have branching ratios of the order of 1% for f ≃ 500 GeV, which increase as f increases. In particular, the Z H → A H W W branching ratio increases up to 10% for f ≃ 2 TeV. Although decays into a heavy photon plus a pair of light fermions are also kinematically allowed, their decay width is negligibly as the main contribution arises from a Feynman diagram where the fermion pair is emitted off the Higgs boson. We also observe that the branching ratio for the decay into three heavy photons can be of similar size than the ones for other three-body decays in the region of low f but it decreases quickly as f increases. This decay proceeds as follows: for f below about 465 GeV, the m AH is below 60 GeV and thus the Z H gauge boson decays into a heavy photon plus a real Higgs boson with a mass of 120 GeV, which subsequently decays into a heavy photon pair. For f > 465 GeV, m AH > m H /2, so the intermediate Higgs boson is virtual. As for the one-loop decay Z H → γA H , the respective branching ratio is of the order of less than one percent for f = 500 GeV, but it increases slightly for f = 2 TeV. We would like to note that the Z H branching ratios are not very sensitive to a change in the value of the s λ parameter. An interesting scenario arises when the Higgs boson has an intermediate mass such that m H > Z H − A H . In this case the Z H → A H H decay channel will be closed and the Z H → γA H decay has a substantial enhancement. This situation occurs, for instance, for m H about 300 GeV and f up to 600 GeV or either for m H about 500 GeV and f up to 1 TeV. Such scenarios are still allowed by EWPD for some particular values of s λ . We have calculated the branching ratios of the main Z H decays for m H = 300 GeV, s λ = 0.55 and κ = 1.7. We show the results in Fig. 4 . The dominant decay mode is now Z H → A H W W , whereas the Z H → γA H decay width is even larger than the one for the Z H → A H ZZ decay. In general, BR(Z H → γA H ) gets enhanced up to two orders of magnitude with respect to what is obtained in the scenario with a light Higgs boson. When f ≃ 600 GeV, BR(Z H → γA H ) drops suddenly as the threshold for the opening of the Z H → A H H decay is reached.
Scenario with relatively light T-odd fermions
We now consider the case of m H = 120 GeV, s λ = 0.75 and κ = 0.7. This means that the T-odd fermions are relatively light and their contribution to the T parameter Fig. 3 . Branching ratio for the one-loop decay Z H → γA H in the LHTM as a function of the scale of symmetry breaking f . We also include the main tree-level two-and three-body decays. We used m H = 120 GeV, s λ = 0.55, and κ = 1.7. The region to the right of the vertical line is not allowed by EWPD. is small. We show in Fig. 5 the relevant Z H branching ratios for this scenario. We observe that the Z H → γA H branching ratio is enhanced by about one order of magnitude with respect to the scenario with heavy T-odd fermions. Even more, the Z H → γA H branching ratio can be as large as the Z H → A H W W branching ratio for small f , but the latter increases steadily with f and it becomes much larger for f close to 1 TeV. Overall the Z H → γA H branching ratio is of the same order of magnitude as the one for the Z H → A H ZZ decay over a large range of f . We also would like to consider the case of an intermediate Higgs boson. We show in Fig. 6 the Z H branching ratios for s λ = 0.75, κ = 0.7, and m H = 300 GeV. The situation looks similar to that depicted in Fig. 4 . The branching ratio for the Z H → γA H decay shows a large increase and it is the subdominant Z H decay channel for up to f ≃ 570 GeV, where it starts to decrease quickly. Although the Z H → γA H decay can have a substantial enhancement over a wide f range if the Higgs boson is heavier, the Z H production cross section decreases quickly as f increases, so the Z H → γA H decay would be more difficult to detect for f close to 1 TeV. 
Experimental prospects at the LHC
At the LHC, the T-odd gauge bosons must be pair produced due to T-parity invariance. The dominant Z H production mode is pp → W H Z H , whereas other production modes such as pp → Z H Z H and pp → A H Z H are suppressed by more than one and two orders of magnitude, respectively. We show in Fig. 7 the dominant Z H production mode at the LHC for the two scenarios described above and √ s = 14 TeV. The CTEQ6M PDF set was used. 28 This calculation was obtained via the CalcHep package 27 along with the LHTM files provided by the authors of Ref. 9 . In Fig.  7 we also observe that a luminosity of 300 fb −1 would allow for a large number of pp → W H Z H events, of the order of 10 5 for f = 500 GeV and 10 2 for f = 2 TeV. Assuming that the W H gauge boson decays as W H → A H W with a rate of 100%, we have calculated the expected number of pp → W H Z H → W A H + γA H events for a luminosity of 300 fb −1 . For the scenarios discussed above, the dependence on the scale of the symmetry breaking of the expected number of pp → W H Z H → W A H + γA H events is shown in Fig. 8 (light Higgs boson) and Fig. 9 (intermediate Higgs boson). In the case of a light Higgs boson, we observe that the event number is of the order of one hundred around f = 500 GeV and decreases quickly as f increases. As far as the scenario with an intermediate Higgs boson is concerned, there would be a large number of events for f = 500 GeV, but a sharp decrease is observed for f about 600 GeV, where the Z H → A H H channel gets opened.
The experimental signature of the Z H → γA H decay would be a charged lepton accompanied by an energetic photon plus large missing transverse energy E T . The main background comes from the SM process pp → W γ → ℓνγ, but it can be largely reduced by imposing cuts on the photon energy. In the scenario with a light Higgs boson, the Z H → γA H detection seems promising, but a more detailed Monte Carlo analysis would be required to make further conclusions. As for the scenario with an intermediate Higgs boson is concerned, although there is a large number of W A H + γA H events for f ≃ 500 GeV, it drops drastically for f ≃ 600 GeV, which would make the Z H → γA H decay detection very difficult for large f .
Final remarks
We have examined the one-loop decay Z H → γA H in the framework of the LHTM. Since T-parity restricts the number of possible decay channels of the heavy coefficients in terms of Passarino-Veltman scalar functions. They are given as follows:
where the scalar functions are as follows In this appendix we collect all the Feynman rules necessary for our calculation. They were taken from Refs. 9 and 29.
Appendix B.1. Couplings to T-even and T-odd fermions
We write the couplings of the extra neutral Z H gauge boson to T-even and T-odd fermions in the form: Table 1 .
Appendix B.2. Couplings involving two heavy gauge bosons
We also need Feynman rules for the couplings Z H A H H, A H A H H, and Z H A H HH. These vertices are involved in the tree-level decays of the Z H gauge boson. The respective Feynman rules are shown in Table 2 together with the Feynman rules for the trilinear and quartic gauge boson couplings involved in our calculation. We have defined
where all particles are outgoing, and 
